Abstract. An approach, based on Tsallis non-extensive statistics, has been employed, here, to analyse, systematically, the pT -spectra of various identified secondary hadrons like pions, kaons, protons and antiprotons, produced in different central P b + P b interactions at LHC energy 2.76 TeV in terms of multiplicity and temperature fluctuations. The results, thus obtained, have been utilized to understand the various stages of different types of hadron production during evolution of the fireball produced in such collisions.
Introduction
The heavy ion collisions at ultra-relativistic energies are supposed to provide significant clues on the possible occurrence of a phase transition from a confined hadronic state to a deconfined plasma state made of elementary constituents of hadrons. However, no direct information on the properties of such a hot and dense partonic matter, if formed in such high energy nuclear interactions, can be obtained as it does not live long enough to extract any direct information on its equation of state. It readily expands, cools down and undergoes further phase transition which results in emission of thousands of different variety of secondary hadrons. So, these hadron-spectra are the only, though indirect, sources to have an understanding, in detail, of the course of it's excursion from formation to hadronization.
The transverse momentum spectra of hadrons are treated as one of the important tools to understand the dynamics of high energy collisions. The systematic analysis with the help of an appropriate model or approach of such an observable may throw light on various thermodynamical as well as hydrodynamical properties of the fireball at different stages of its evolution. In a very recent study, the present author had taken up such an effort in dealing with pion-and kaon-spectra produced in P +P and P b+P b collisions at √ s N N = 2.76 TeV [1] . The main theoretical basis of the analysis was Tsallis non-extensive statistics which has, so far, been proven to be very useful in interpreting various aspects of high energy nuclear interactions by different theoretical as well as experimental groups [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55] . a e-mail: bhaskar.de@gmail.com
In the present study, we have, once again, taken up such a systematic analysis for the same set of interactions at the same energy. However, the present effort differs from the previous one in two ways: (i) The earlier version was confined only to two lightest mesonic varieties(π-and Kmesons) while the periphery of the present study has further been widened by accommodating proton/antiprotonspectra. (ii) One of the essential parameter, the transverse collective flow, was not taken into account in our previous theoretical approach. But, such collective motions in the expanding hot and dense partonic fluid are supposed to contribute more to the average transverse momenta of the heavier hadrons keeping the average thermal momentum same for all the varieties [56, 57, 58] . So, transverse flow plays a crucial role in determining the spectral shape of the high-mass secondaries like protons. This particular parameter has now been incorporated in our present theoretical approach.
The organization of the present work is as follows: a brief outline of the theoretical development of the main working formulae, to be used in the present study, has been presented in next section. The obtained results and a detailed discussion on it have been provided in Section 3. And the last section is preserved for the concluding remarks.
Outline of the Theoretical Approach
The generalized statistics of Tsallis is not only applicable to an equilibrium system, but also to the nonequilibrium systems with stationary states [9] . As the name 'nonextensive' implies, these entropies are not additive for independent systems.
The nonextensive Boltzmann factor is defined as [9] x ij = (1 + (q − 1)βǫ ij )
where ǫ ij = p 2 i + m 2 j is the energy associated with the j−th particle of rest mass m j in the momentum state i, β = 1/T is the inverse temperature variable, q is a measure of degree of fluctuation present in the system and is called nonextensivity parameter; with q → 1, the above equation approaches the ordinary Boltzmann factor e −βǫij . If ν ij denotes the number of particles of type j in momentum state i, the generalized grand canonical partition function is given by,
The average occupation number of a particle of species j in the momentum state i can be written as [9] 
where − sign is for bosons and the + sign is for fermions. The probability of observation of a particle of mass m 0 in a certain momentum state can be obtained by multiplying the average occupation number with the available volume in the momentum space [9] . The infinitesimal volume in momentum space is given by
where E is the energy, p T is the transverse momentum, y is the rapidity and φ is the azimuthal angle. If the particle-spectra is influenced by the presence of the hydrodynamical flow in the system, the energy associated with the detected secondary can be written as [31] ,
where v µ = γ(1, v) and p µ = (p 0 , p) = (m T coshy, p T , m T sinhy) are the hydrodynamic four-velocity and the four-momentum of the particle respectively with γ = If we neglect the effect of longitudinal flow over that of the transverse flow of particles in a co-moving system in the central rapidity region(y ≃ 0), the expressions for four-velocity and four momentum are given by,
and
with γ =
Further, if we assume that v T and p T are collinear, the energy-term will take the form
where v T is the average transverse velocity.
Hence, the probability density w(p T , y) is given by:
where C is a proportionality constant.
Using the relationships β = 1 T ef f , where T ef f is the effective temperature of the interaction region, the invariant yield at mid-rapidity(for y ≃ 0 ) will take the form 1 2π
] q/(q−1) ± 1 (10) The average multiplicity of the detected secondary per unit rapidity in the given rapidity region can be obtained by the relationship
dpT dy dp T
p T dp T
where C 1 = 2πC. Hence, the constant C 1 can be expressed in terms of dN dy
by the relationship
Combination of eqn (10) and eqn(12) will provide us the main working formula for invariant yield for a detected secondary and it is given by
(13) Further, it was observed earlier that the parameters T ef f and q are strongly correlated, even if they were set free [17, 34] . So, these two parameters alongwith the average multiplicity can phenomenologically be correlated by the following relationships [1, 17, 35] :
where T kin is the kinetic freeze-out temperature, < N > is the average multiplicity of the detected secondary produced in A + A interactions and n 0 is the same for P + P interactions. However, if the studied rapidity regions and their widths(∆y) are same or nearly same for both the cases, one can replace < N > and n 0 with the corresponding rapidity yields( dN dy ). In the present study, the data, under consideration for both the systems, are available from the central rapidity region(|y| < 0.5 with ∆y = 1); and hence, we can set < N >= dN dy . Here, equation (14) takes into account the fluctuation in effective temperature while that in multiplicity by equation (15) . These two types of fluctuations are mutually correlated through the factor c(q−1) where c is the parameter which takes care of the fluctuations of the system arising out of a stochastic process in any selected region of the system and/or of some energy transfer between the selected region and the rest of the system [17] . However, for the sake of calculational simplicity it is assumed that c is independent of any flow-velocity.
Furthermore, in our previous study [1] , it was observed that, in some cases, the product term(n 0 N part ), in the last equation, exceeds < N > which makes c negative. But, negativity of c violates the assumption that the transfer of energy takes place only from the interaction region to the spectators of the non-interacting nucleons [17] . Hence, to keep the physical assumptions, associated with the above constraints, valid, the '−' sign was replaced with '∼' in our previous work [1] , so that only the magnitude of the fluctuation between < N > and n 0 N part could be taken into account; and the modified form of the second constraint is given by,
Equation ( 
Results and Discussions
The identified hadron spectra produced in P + P interactions have been fitted with the basic working formula given in eqn. (13) excluding the constraints given in eqn. (14) and eqn. (16) . The outcomes are presented in graphical format in Fig.1 and in tabular form in Table- 1, where n o denotes the average multiplicity per unit rapidity of the produced hadron-variety in P + P interaction. It is quite clear from Table-1 that the effect of transverse flow on particle spectra is quite insignificant as far as P + P interactions are concerned as the number of participant nucleons and hence the interaction volume is quite low in these cases.
Fig2-Fig4 depict the fits to the experimental data on transverse momentum spectra for production of pions, kaons and proton-antiprotons in different central P b + P b collisions at 2.76 TeV at LHC. All these fits have, now, been obtained on the basis of equation (13) alongwith the constraints given in eqn(14) & eqn. (16) . The values of various parameters obtained from the fits are provided in Table-2-Table- 4. All the fits can be treated as quite satisfactory on the basis of obtained values of χ 2 /ndf given in Table-1-Table- The centrality-dependence of two parameters, the effective temperature T ef f and and the non-extensive parameter q are provided graphically in Fig.5(a) and Fig.5(b) respectively. The desired anti-correlation between these two parameters is, in general, quite visible for all the varieties except few cases for k-meson production in central interactions.
The kinetic freeze-out temperature, T kin , obtained from π 0,± , K ± and p/p-spectra from different central P b + P b collisions are depicted in Fig.5(c) . It is observed from the figure that this particular parameter is coming out to be constant and the average value of it is around 167 MeV for kaons and 236 MeV for protons. But, as far as pimesons are concerned, T kin shows an increasing trend from 95 MeV for most central(0-5%) collision to around 160 MeV for the most peripheral(80-90%) one. In our earlier studies [1, 35] with different mesonic varieties at LHC as well as at RHIC energies this particular parameter was identified as Hagedorn's critical temperature(T 0 ) due to it's constant behaviour for all the varieties and it's order of magnitude was around ∼ m π . But, in the present study, where the effect of transverse flow has been taken into account, the deviation in the parameter's behaviour from the earlier findings drives us to interpret it in a different way.
Three different values of T kin for three different types of secondaries produced in a particular centrality indicate that the kinetic freeze-out temperature is quite different for different secondaries. More massive a secondary hadron is, the corresponding freeze-out temperature is much higher which can only be interpreted as the formations of the heavier seondaries cease at much earlier stages of the evolution compared to lighter varieties. In this sense, the protons/anti-protons do not form in appreciable number, on the average, below 236 MeV while the temperature around 167 MeV is the thermal boundary for K-meson production.
The number of participant nucleons(N part ) in the overlap area between two colliding nuclei and hence the interaction volume in the fireball decreases from central to peripheral collisions, which results in lesser number of binary collisions arising out of rescattering processes suffered by the constituting partons as well as the hadrons already produced at the initial stages of the evolution of the hot fireball. This certainly delays the overall freezeout process when one goes from the peripheral to central collisions. The values of T kin extracted from pion-spectra reflect this particular fact as it is quite low for central collisions compared to peripheral ones. So, we can infer that these particular values of the kinetic freeze-out temperature provide the information on the final freeze-out temperatures of the fireballs at respective centralities when all sort of particle interactions come to an end. And pi-meson is the most abundant variety which is produced during the period from time of freeze-out for K-meson production to final freeze-out. The values of another parameter c corresponding to different spectra have been given in Table-2-Table-4 . It is seen that c has, on average, an increasing tendency for the meson-spectra while going from central to peripheral collisions. This observation is in accordance with our earlier study [1] . But, for proton-spectra, this very parameter exhibits, though very weak, a decreasing trend.
The integrated yield per unit rapidity(< N >= dN dy ) in the central rapidity region for different varieties produced in P + P and P b + P b interactions have been provided in Table-1-Table-4 . The results corresponding to mesonic varieties are somewhat similar to our earlier findings [1] . The overall findings on < N > are, in general, in good agreement with the results reported in Ref. [59] . The obtained values, on the basis of present analysis, have been represented in three different ways in Fig.6 (a)-6(c). (Table-5 ) have been calculated using PHOBOS Glauber Monte Carlo Simulation [63] alongwith with the method suggested in Ref. [64] and applied in Ref. [65, 66] . Fig.6(b)-Fig.6(c) indicates a nearly linear dependence of < N > on N q−part instead of on N part for all the varieties including the protons and it's antiparticle. This is, as expected, in accordance with our earlier studies [1, 66] .
Conclusions
In this study we have presented an analysis,in the light of Tsalli's non-extensive statistics, of the identified hadron spectra -from pions to protons -produced in P b + P b interactions at LHC energy 2.76 TeV. The study can be treated as a sequel to our earlier analysis [1] after making a very necessary modification in terms of collective transverse flow in the theoretical approach to get more insights on the hydrodynamical evolution of the produced fireball while dealing with transverse momentum spectra, specially for heavier secondaries. The final modified working formula is quite successful in reproducing the experimental data as far as χ 2 /ndf is concerned. The dependence of v T on centralities and on mass of the detected secondaries, found in the present analysis for LHC energy, is quite similar with those found in a recent study [55] which had dealt with identified hadron-spectra including heavier baryons like Λ and Ξ at RHIC energies with the aid of somewhat similar approach sans any predefined correlation between T ef f and q. But, the present findings on the behaviour of the freeze-out temperature are in sharp contrast with those found for RHIC energy. From the present analysis, T kin is found to be somewhat constant for kaons and protons while for pions, it shows strong centrality dependence. On the otherhand, the corresponding values obtained in Ref. [55] exhibit constant or rather weak dependence on centralities for pion-and kaonspectra, whereas for baryon-spectra the freeze-out temperature shows strong centrality-dependence. The deviation in T kin , observed in our present analysis, can be attributed to the constraints imposed by eqn (14) & eqn. (16) . However, the present interpretation of freezing out of heavier hadrons at earlier stages finds support in the abovereferenced work.
Besides, the ALICE experimental group had analysed the same spectra using a variant of blast-wave model [59] . Their analytical result on the centrality-dependence of v T is quite similar with respect to the present analysis, except from some mismatch in magnitude. And the values of final freeze-out temperature are in good agreement with the present findings.
So, in brief, we can conclude, on the basis of the discussions made in the previous two paragraphs, that the present approach can be treated as potentially fruitful to draw valuable insights on hydrodynamical as well as thermodynamical picture of the evolution and freeze-out of the fireball produced due to deposition of enourmous energy in relativistic heavy ion collision, despite some of it's shortcomings like proper identification of the parameter c. However, in the present analysis, we could not deal with other heavy baryons like Λ and Ξ as the present approach needs the spectra for a particular variety from both the nucleon-nucleon and nucleus-nucleus interactions at the same energy due to presence of eqn (14) & eqn. (16) . We hope that the present approach would be able to throw more light on the dynamics of high energy collisions if and when the data on spectra over a wide p T -range for other heavier secondaries produced both in P + P and A + A interactions will be available.
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